
# Existance of Contact Structures

let M be a 3-manifold
K a knot in M

N = S' xD2 a neighborhood of K in M
-CGN = GMN an embedded curve

f : 215x 2) -> CMN a diffeomorphism sending Ept3xLD" to a

-Dehn surgery on M along K is

M(K
,
a) = (MTN) v f (5'+DY)

↑
glue pet (5'XD2) to

f(p)t2(MN)

Facts : 1) If fi f
,

are I diffeomorphisms that send <p+3 xLD2 to

then (MN(v- (5'xDY) E (n n) vy(5'x D)

2
..
. M(K

,
x) well-defined

2) any closed 3-manifoldM is obtained from 33 by

by Dehn surgery on some link

excise : prove (or look up) these facts

note : T = IN<]/MTN)

there is a curveMcG(MTN) that bounds a disk

in N= S' xD2

if K is null-homologous then there is a curveXe(ni

such that i = GI
,
I a surface inMr

exercise : (ii = 1

otherwise. choose any X on G (MTN) St. (n1M) =1

note- i determines a framing of K



exercise : [x]
,
[M] form a basis for H

,
(5'xs) = ***

L

2(πN)

so any htH./S'xs') can be written q(x) +p(x)

exercise : I can be realized by an embedded curve

iff p.g are relatively prime

now any diffeomorphism 4 : 2 (5'xD)-> 2(MN)

is determined up to isotopy by its action on

H
, (2(s'xD4) -> H

,
(2) S'xD2))

-valued
ie

e
. by a matrix

[a] with ad-bc on

Exercise : Prove this

At : a simple closed curve on
T is determined,

up to isotopy, by its class in H, (T4
if I diffeomorphisms do the same thing

on (s'x <pt)0( <p +3 x3) then they are

isotopic (use any diffeomorphism of CD2

extends to D4

if d is an embedded curve in 2 (MN) than

[x] = q(x] +p(m]

so diffeomorphism sendingSpt3XLD" to x is

[S8] with up-gs = -1



1 = 0if q =0

we denote MIK
, x) by Mp(%)

Th 1 (Martinet) :
-

Any closed oriented 3-manifold admits a

contact structure

Proof : given closed oriented 3-manifoldM

from above we know M is obtained from 3by

Dehn surgery on some link in5

we address case where M =S&/P(g) but
thegeneral case willclearly follow

1 can isstop K so that it is transvase

to Esta
, by LemmaI.3

2n K has a standard neighborhood by Th1.3
that is let U = S'+ /2= REIz+

with 3 = ker(Cosr dzarsierdo

#
let Sp = 2 (v, 0

, E) /r = 93
, Ta = 2 Sa

K has a neighborhoodN St. N contactomorphic to

Sa for some a lany a close to of



note :(Ta)
,
is nonsangular and has slope

- lota

-2-& Ip V .- -

#

slope

So Gr j( TV), has slope a some alS
Sta

379 glue in standard contact torus

specifically 5TN has contact structure stan
-

we glve S'XD to Sim via

f : 2 (5' +D -> 2(SEN

f "take fol of slope a on2STN to a folt

of shope b' on 2 (s <D2)

now let b be such that - both = b

identify 5'xD*

with Sy

te : f takes (256)
,
to . (s5N))

a
st

so Th1
.

5 saysI can be isotoped

to be a contactororphism
S

so can glue (5TNista) and (S3.

3) viaf

to get a contact structure on M !



to be more rigorous should take 53a-
and Says so there is a colar neighborhood
to glue manifolds together
s'x( m

-Obta Ta-a Ta Tath

extend+ T+I and make contactomorphism
here #

exercise : Give a secondproof of existence of contact structure.

using the fact thatall close oriented 3-manifolds

are covers of33 branched over some link

Hint
-
> make bronch locus transverse.

we can use this construction to do better !

let Dist(M)= Gall orientedplane fields on M3

Ed all oriented line fields on M3 & stopologins
↑ fix a metric ofGrtheis

Cont(M) = Sall contact structures on M3 Grossmann of
2-planes in TM

we have a natural inclusion map

Con+ (n) = Dist(M)

Th1 2 (Lutz) :

Ex : Fo((on+(M)) -> T(Dist(M) is o



this says everyplane field is homotopic to

a contact structure

Major Question : Is it injective ?

If not understand 15 (x) for xt To(Dis+(n)

Before proving this theorem wereed to better understand

Dist(M)
,
how big is To (Dist(M) ?

Fact : If M is a closed oriented 3-manifold then

TFMEMX/RY

you can see a proof of this in Kirby's book

"The topology of 4-manifolds"

fix a metric g
(this is not really necissary

U (TM) = unit tangent bundle =Mx 52
M(U(TM))

/

Dist(M) = Soriented plane field?- unit rector field
E

31 ~ where

~() = unit positive
Orthogonal

given -N (U(TM) we have to >x

Wil->MXs
"

p> (p. fu(p)

soa determined by f :M -> S2



so we have Dist(M) <> Emaps M -> s 23
H corresp

I correspondence depends on trivialization

of TM
,
but not metric)

so To (Dist(m) = homotopy classes of mops M+5

=> [M
,
52]

example : [s?] = M/s4=

generated by the Hopf map

remark : We will see below that To /Dist(M) is always
Infinite so Th*2 say all orientable 3-manifold

admit infinitely many different contact structures !

a framed submanifold N.F) of a manifold X

is a submanifold NCX together with a

trivialization F of the normal brudle ofN in X

( . Fr)
,

1 = 0
.

1
,
in X are framed cobordant if there is a

framed submanifold (IF) of XxCO.D such that

(v, -')n(Xx(i3) = (Ni , F,)

lemma 3 (Thom-Pontryagin Construction in 3-D) :

[M ?3) =&framed cobordism classes of 1-metds in M3
H Correspondence 3=: (M)



Proof : given 4 :M-s2

can homotop & so P is transverse to north pole nes

let W = 0
"(n) this is a l-mfd in N

moreove note d : T
+
M -> ThS" is onto since

8) transverse to n

fix a basis vie for To S= 12

now E(X)
,
E* perpendicular to Tx Metric

st. dOx(Y(x) = v
=

(
y ⑥

⑭·* [xx)
+

--
->
Y(x)-*

Irecoll Tr= Ker(dPx) and dix(r)t
us (somorphism)

so i is are two linear independent sections

of 5 N) they give a framing o to U

so [M
-
32] Esef(M) is a mas
& (W.
F

exercise : show I is well-defined

now given (5, 7) E-2[(M) we need to find a map &



such that EIP) = (U
, 7)

note : I has a neighborhood N= U XD
*

given by
framing

now define & : N -> 32

--I
·T·

//

to be

- aTanseOfi nee
on each Spt)xD in N = WxD

define 4 : MTN-> 5 : P+ Southpole

I can be constructed to be smooth on interior ofN

and perturbed to be smooth st. Q In) still y

exercise : E( = (V
,
F

so I surjective

now suppose EID = (
,F), E(P) = N, F1)

M
. Fr) framed cobordant via (2,

f)

exercise : if Noito) = (W
, F.

)
,

then show to is

homotopic to 4,

exercise : in general, construct a homotopy

Mx 2011- 32 from 4 to 4,

using /2.
F) just as we constructed

& above #



so we know MolDist) is -f(M3)

let's study -2f(M)

set - (M) = 3 cobordism classes of 1-manifolds in M3

same as -2
-
-(M) but forget framing

lemma 4 :

-
, (n)4H ,

(M)

Proof : given U E -2
,
(M)

we can "triangulate" (write as I complex

so it gives a 1-cycle : an element of H, (m)

if Wo
,
W

,
cobordant via surface [cMx [0,1)

project surface toM
, triangulate

to get a 2-chain in C(M)
-- as I-charris

exercise : 2 I = U
,

- Us

Tas 2-chain

so W
, homologous to Un

T
and ,

(M) = H , (M) well-defined

any
he H

,
(M) is represented by the imageofan S!

so I clearly onto

now if E(V) = < (U) ,
then there is a 2-chain c st.

2 c = 2 - Vo



exercise : can find another 2-chain c' such

that C'= Image of triangulated surface E

let f : [ -> [0 .1 be smooth map stf"(i) = Vi
now [ -> MX [0

.

1]

P> Ip, feph)

is a map that can beperturbed to be smooth

and self transverse

this means the image in Mx [0 , 1 isun immersed

surface with transverse double points
L

one may resolve the double points toget
an

sembedded surface I' in Mx [0 ,
1)

t St. GE = UpUW,

↓

37 =. W. = Vo in er
,
(M)

exercise : fill in details of argument above #

there is a natural map F
:

,
(M) ->2

,
(M)

that just forgets the framing
Lemma 4 :

given xe-, (M),

E -homologyF (X) = / (T & class of x2d
-

(x)

where dly) is the divisibility of y in H/ (M) modules torsion



note : 0 EH
,
(M) for any M has divisibilityO

so F (0)=

. allM have infinitely many homotopy classes of plane field

and hence infinitely many contact structures by Th
* 2

Proof : given x a 1-submanifold in M

let7 be a framing on4

andEn is theframing onx given by addinga right
handed twist to 7

the map h!
-> FY(X) is clearly on to

suppose h(n)
=h(m)

so there is a framed surface (I, f) in Mx[0. 1)

st
.
(2,
F1) 1 (Mx 303) = (x, Fn)

(2
,
F)n(Mx(i)) = (x

,
Fm)

let T = closed surface in MXS' = Mx [0 .1]
(x(0) -Mxk)

given by2
exercise : Show ToT= m -n

↑ self-intersection
e have T transrensely intersect a copy of

Tand count intersection points withbign

#t: 7 'gives a way topush [ofof itself toget
I' think about how to make I' a

closed surface in MXS'

let C = xxS'c Mxs

note : m -n =

T

oT= ( - c) + G . [(T-c) +C]



= (T- c) . (T- c) +2(-D . C +C
use framing on x

toget disjoint copy

claim : (T-C) . (T-C) = 0

indeed note Ha(MXS) = (Hz(M)* H,(5) (H,
(M)H, (s)

④H2(5))

now (T-C) 1 (Mx <pt3 = 0

&(since T1 M + (pt)) = x

(1(M x4p+3) = x)

so T-CG H2/m) * HolS)

Isince any non-zero elt in

H
,
(M)H, (5) has non-zero

intersection with Mx4p+3)

30 T-C is homologous to ScM
5 . S = 0 (push copy ofSins

direction)-

so m -n = (T- C) . (C)
= (T-C) · (2x)
M&
Since TC homologous to surface in M

so m-n is divisible by 2d(x)

Conversely, suppose 2d(x) 10 (ex not torsion)
let

y be a primitive class in H ,
(M)

such that 4 = d(x)y

P
.
D

.
(y) is a generator of H2(M)
-
Poincare Dual



sJ a surface < such that

y . 2 = (P.
D

.
(y)(x) = 1

.. 2x . x = 2d(x)

let T be a surface in MXS' representing
C + X

O
Mxs'

L ② ↑
· · ②O-o

-

M

- C*

resolve *
c= x + S

to get T

note : ( + X) . ( +1) = 2 C . 2 = 2 x . x = 2d(x)

out MXS' along Mx4pt3 to get Mx[0 . 7

and T becomes a cobordism from

x to 4 and framings differ by 2d(x)

largue as above)

so h : Es -> F " (x) is onto with Kernel 2d1 **

we now return to the proof of Th *2

Th1 2 (Lutz) :

Ex : Fo((on+(M)) -> T(Dist(M) is o

we need a construction calledhist

let RR x 5 = (RY/z
+ z+ 2

with contact structure 3 : be Clos dz-rsinrdo)



T= 40.033xS' is a transverse curve

Sa = ((V.
0

, z)(v = 9)

12Sa)
>
is linear foliation of slope - a lota

Wif
if K a transverse knot in (M,

3)
,

then it has a

ubha N contactomorphic to Sa for some

at(0,
π)

let be 14,
2π) s. t. (Sb)

,

= (Sn)
>

the result of replacing N= Sa by S
>
is called

a half Lutz twist on T

replacing N= Sa with Sc
,

for < +(2π3π) s
_
t

.

(Sc)
,

= (Sa's
,
is called a full Lots twist

note : Lutz tristing does not change M

lemma5:

let (M.
3) be the result of performing a half-lutz twist

on a transverse knot K in (M. 3)

then F/3) = F(3) - [K]

whereF is map from lemma ↑ and [K) is the

homology class of K



if K is null-homologous and (W. 7) E-f(m)

corresponding to 3 then W. Fsek) Corresponds
to 3 where F

,
is framing F withn right-handed

twists

Proof of Th *2 :

by Th " 1 3 some contact structure 3 on M

suppose] corresponds to (U.F)

given some other (2),7) let K be a transrese knot that

realizes the homology class (2)-[2]
Lemma 5 says the result of half Lutz twisting I along K

Is associated to theframed manifold (U, 7")

let U transverse ruknot with Se = -1 (push off of 4)
T be tranverse right handed trefoil with see

(push offof *)
half Lute twisting on U does not change 8' but

sends %" to q"
-1

while twisting onK sends 7 "to F,

so we can realize any framing #

Proof of Lemma 5 :

Check back laten !


